Four dimensional N = 1 supersymmetric gauge theory with gauge group SU (N c ) and matter in the adjoint and fundamental representations gives rise to a series of fixed points with an ADE classification. The A and D series exhibit generalizations of Seiberg duality.
Introduction
Shortly after Seiberg's work on the infrared behavior of N = 1 supersymmetric QCD, and in particular his discovery of strong-weak coupling duality in this theory [1] , it was pointed out [2] [3] [4] that there is an infinite family of generalizations of SQCD that has similar properties. These theories have gauge group SU (N c ), N f flavors of chiral superfields Q, Q that transform in the (anti) fundamental representation of the gauge group and a chiral superfield X that transforms in the adjoint representation, with superpotential
Here k is a positive integer, and s 0 is a coupling. Naively, this coupling is irrelevant for k > 2 and thus flows to zero in the IR. However it was argued in [2] [3] [4] that for sufficiently small N f it actually influences the infrared behavior for all k, presumably because the quantum scaling dimension of the operator (1.1) is reduced by the gauge interaction. The detailed mechanism for this was not understood until much later, but these theories were conjectured to have the following properties:
(1) A stable supersymmetric vacuum for
(2) A dual description in terms of a "magnetic" theory with gauge group SU (kN f − N c ), N f chiral superfields in the (anti) fundamental representation q i , q i , an adjoint field X, and k gauge singlets M j , j = 1, · · · , k, which transform in the bifundamental representation of the SU (N f ) × SU (N f ) flavor group. The magnetic superpotential takes the form
where we omitted the coefficients of the different terms. The duality relates electric and magnetic chiral operators,
(1.4)
For k = 1, the electric and magnetic adjoint fields X, X are massive, and the duality of [2] [3] [4] reduces to that of [1] .
(3) The infrared behavior of these theories appears to be related to the study of mathematical singularities, a point of view that was particularly helpful when analyzing deformations of the superpotential (1.1) [4] .
The last point was further developed in [5] . Viewing the superpotential (1.1) as corresponding to an A k singularity, J. Brodie asked what happens if one replaces it with a D k+2 one,
(1.5)
He found a very similar structure to the A k case. There is again a lower bound on the number of flavors for which a stable supersymmetric vacuum exists,
and a dual description in terms of a magnetic theory with gauge group SU (3kN f − N c ) with the same charged matter, coupled to 3k singlet mesons
via the superpotential
This example includes two new elements compared to the A k case. One involves the matrix nature of the adjoint superfields. Although the superpotentials (1.1), (1.5) look like the corresponding potential functions in singularity theory, they are functions of N c × N c matrices rather than single variables. In the A k case this distinction does not play a major role, since one can use the gauge symmetry and D-term constraints to diagonalize X, and view the superpotential (1.1) as a function of its eigenvalues. The D-series involves two massless adjoints, X and Y , and while one can use the above constraints to diagonalize one of them, one cannot diagonalize both at the same time. Thus, the D-series is the first case in which the matrix nature of the variables appearing in the superpotential plays a non-trivial role.
The second new element in the work of [5] is the notion of quantum constraints on the chiral ring. Such constraints appeared already in the A k case (see e.g. [4] ), but they play a more central role in the D-series. Since similar constraints will feature prominently in our discussion below, we next briefly review the main idea.
The F-term constraints of the superpotential (1.5) are
Chiral operators are constructed from dressed quarks, ΘQ, where Θ = Θ(X, Y ) is a polynomial in the adjoint fields, which satisfies the constraints (1.9). Superficially, these constraints lead to the infinite set
For odd k the set (1.10) is actually further truncated to a finite one, since Y 3 = 0. Indeed, using the F-term constraints (1.9) one has
Thus, the index j in (1.10) runs only over the values j = 1, 2, 3, in agreement with the fact that Brodie's duality only requires mesons with these quantum numbers (1.7), and baryons made of the corresponding truncated set of dressed quarks.
For even k this truncation appears to be absent, which is puzzling since the duality of [5] is expected to be valid for both even and odd k (e.g. because one can flow from odd to even k by deforming the adjoint superpotential by relevant operators). The solution to this conundrum proposed in [5] was that for even k the constraint Y 3 = 0 appears quantum mechanically, so that the truncation to j ≤ 3 in (1.10) is the same for even and odd k in the quantum theory, but not in the classical one.
The origin of this quantum constraint in theories with even k is not well understood.
This is related to the fact that the vacuum structure of the theory with a general superpotential W (X, Y ) obtained by a relevant deformation of the D k+2 superpotential (1.5) is not fully understood either. For the A k case this analysis is easier, essentially because the single matrix X can be diagonalized [2] [3] [4] , while for the D-series the non-abelian structure comes into play.
The understanding of RG flow in theories of the sort described above improved significantly with the advent of a-maximization [6] . In particular, it was shown in [6, 7] that the gauge theory with one adjoint superfield X and no superpotential indeed has the property anticipated in [3] , that as N c /N f increases, the dimension of the chiral operator (1.1) decreases in such a way that eventually it becomes relevant for all k(< N c ). It was also shown 1 Here and below we often neglect the contributions of Lagrange multipliers enforcing the tracelessness of X, Y , which do not change the qualitative structure of what follows. We also pick a convenient relative normalization of the fields X and Y .
in these papers that the properties of adjoint SQCD are consistent with the dualities of [2] [3] [4] and with the a-theorem.
An important step in uncovering the ADE structure underlying the results of [2] [3] [4] [5] was taken in [8] . These authors used the techniques of [6, 7] to classify all possible non-trivial fixed points of N = 1 supersymmetric SU (N c ) gauge theory with N f fundamentals Q i , Q i
and N a adjoints X α that preserve the global SU (N f ) × SU (N f ) symmetry acting on the quarks. For N a > 3 the gauge theory is not asymptotically free and thus is expected to be trivial in the infrared. For N a = 3 interacting theories can only occur at N f = 0 (for the same reason), which from the general perspective is an isolated case. Thus, to have a non-trivial infrared behavior for non-zero N f one must take N a = 2 (or smaller).
The authors of [8] considered models with two adjoint chiral superfields X and Y ,with
, and a tunable number of fundamentals N f . Interestingly, they found that non-trivial fixed points correspond to superpotentials with an ADE struc-
(1.11)
These models naturally split into two classes. The first four ( O, A, D, E) are fixed points that exist for all N f satisfying the asymptotic freedom bound, 2 N f < N c , and can be thought of as UV ancestors of the rest. We will not discuss them further here. The last five have an ADE structure very reminiscent of that of mathematical singularities.
The A k and D k+2 theories in (1.11) were discussed above. The exceptional ones are new, and much about them remains mysterious. In particular:
(1) The A and D series fixed points only exist when the number of flavors is above a
, (1.2), (1.6). As we discuss below, there are reasons to believe that the same is true for the exceptional theories, but the bound is not known.
(2) The D k models with k even are believed to have the property that the classical ring (1.10) receives an important quantum correction (Y 3 = 0). There are reasons to believe that the same is true for the exceptional theories, but the form of the corrections is not known.
(3) In the A and D series models the features (1) and (2) are closely related to duality.
is the number of flavors for which the magnetic quarks disappear, and the quantum corrected set of dressed quarks Θ j Q determines the spectrum of singlet mesons in the magnetic theory, as well as the spectrum of baryons. Thus, it is natural to ask whether the region
of the E k theories is better described in terms of a dual description.
In this paper we discuss the exceptional theories, (1.11). We propose answers to questions (1) - (3) above for the E 7 case, and discuss briefly the E 6 and E 8 theories. The hope is that a better understanding of the ADE theories will advance our understanding of Seiberg duality, and in particular of the quantum constraints on the chiral ring mentioned above.
The plan of the paper is the following. In section 2 we discuss some properties of the E 7 theory of [8] . We present the classical chiral ring of this theory and argue that its description in terms of the original, UV, variables must break down in the infrared for a sufficiently small number of flavors. We propose that this breakdown is related to a quantum constraint on the adjoint chiral superfields X, Y , which truncates the chiral spectrum in a way similar to that encountered in the D k theories with even k.
In section 3 we show that this constraint is compatible with the existence of a weakly coupled dual description of the dynamics of the E 7 theory in the region of (N f , N c ) where the original (UV) description breaks down. The dual theory has gauge group SU (30N f − N c ), and matter content similar to that found in the dual descriptions of the A k and D k theories [2] [3] [4] [5] . This duality satisfies some rather non-trivial operator matching and 't Hooft anomaly matching constraints. In section 4 we briefly comment on the remaining (E 6 and E 8 ) cases, leaving a more complete understanding of them to future work.
E 7 -basic properties
Looking back at (1.11) we see that the superpotential for the adjoint superfields is in this case
where s 1 , s 2 are couplings whose RG evolution depends on N f , N c . It is convenient to define the parameter [7, 8] 
which determines the strength of gauge interactions at long distances. It is of course a discrete parameter, that takes rational values; one can study the theory in the Veneziano limit N f , N c → ∞, x fixed, in which x becomes continuous. This simplifies some of the formulae, and is not expected to make a qualitative difference in the dynamics. We will mostly work with general finite N f , N c ; some of the numerical results below are stated in the Veneziano limit.
Since we are interested in interacting IR fixed points, we will study the theory (2.1)
in the asymptotically free range x > 1. As discussed in [8] , for all x in this range, the coupling s 1 in the superpotential (2.1) is relevant; turning it on drives the theory to the E fixed point in (1.11). The coupling s 2 can be relevant or not, depending on the Rcharge of the operator TrY X 3 at the E fixed point. This problem can be addressed using a-maximization; one finds [8] that in the Veneziano limit this coupling is relevant for
x > x min ≃ 4.12. Thus, for 1 < x ≤ x min , the E 7 fixed point coincides with the E one, while for larger x the two are distinct.
The E 7 fixed point, when it exists, has a global symmetry familiar from the A and
R under which the chiral superfields transform as follows:
.
The superpotential (2.1) leads to a truncation of the chiral ring. The equations of motion
where we neglected D-terms and chose a convenient relative normalization of X and Y (by choosing an appropriate normalization of the Kahler potential). As in the A and D series, we expect an important role to be played by the dressed quarks Θ(X, Y )Q, where Θ(X, Y ) is an arbitrary polynomial in X and Y modulo the relations (2.4). These objects are the building blocks of gauge invariant chiral operators (mesons and baryons).
The dressed quarks can be constructed by systematically multiplying the Q's (from the left) by X and Y . This gives
where n = 0, 1, 2, · · ·. Multiplying the operators (2.5) further by X and Y does not give anything new. Indeed, the chiral ring relations (2.4) lead to 
For low N there are fewer operators: for N = 0, 2, 3, 4, 6 there is one operator at each level.
For N = 1 there are none.
The set of dressed quarks Θ (l,n) (2.5) appears to give chiral meson operators of the form M ln = QΘ (l,n) Q; l = 1, 2, 3, 4; n = 0, 1, 2, · · · (2.8)
These operators have R-charges
with the N ln listed in (2.7). As x increases (i.e. N f decreases), the R-charge (2.9) decreases.
At x = N ln , the operator M ln becomes marginal, and shortly after that it goes below the unitarity bound R = 2/3. At that point, something in our description must break down.
As discussed in [7] , the nature of this breakdown varies from theory to theory. The mildest effect is the decoupling of the operator that violates the unitarity bound. This effect can be taken into account by allowing the superconformal R-symmetry of the infrared SCFT to mix with the emergent U (1) flavor symmetry that only acts on the free field M ln [7] .
In some cases, the modification of the theory at strong coupling is more severe, and involves a breakdown of the UV description of the whole theory, rather than merely the decoupling of particular operators. The picture proposed for this phenomenon in [7, 9, 10] was the following. The description of the theory as a relevant deformation of a free UV theory provides a good description of a patch in the space of theories. As x increases, we eventually leave this patch in the infrared, and need to look for a different description.
That description is often provided by strong/weak coupling duality.
In the ADE theories (1.11), it is believed that the first four do not suffer from the more severe version of the breakdown, and can be studied using the UV description for all x (i.e. all N f ). The A k and D k theories are different. Extrapolating the UV description, even taking into account the decoupling of meson fields that reach R-charge 2/3, fails for sufficiently large x; in that regime the correct description is given by the dual theory.
It is natural to expect the same to happen for the exceptional theories. To test this
for the E 7 theory, we calculate the central charge a(x) assuming that the UV description (corrected by the decoupling of free mesons) is valid, following the techniques of [7, 8] .
We find the curve given in figure 1 . According to the a-theorem, this curve must be monotonically decreasing, since increasing x (with fixed N c ) means decreasing N f , which can be achieved by adding relevant deformations (mass terms) to the Lagrangian. However, we see that the curve in fact has a minimum around x ∼ 27, after which it violates the a-theorem. This suggests that the assumption that the UV variables provide an accurate description all the way to the infrared fails at large x. We note in passing that the curve of figure 1 receives a further important modification from baryons reaching the unitarity bound. If we keep all dressed quarks Θ i Q (2.5), the R-charge of the lowest baryon as a function of x is
where for simplicity we took x to be integer, and the sum runs over the operators (2.7) of lowest R-charge. R B (x) crosses the unitarity bound around x = 29, and after that point one needs to recalculate the curve of figure 1 taking into account the decoupling of the baryons. Since, as mentioned above, the description leading to this curve must break down before x = 27, this is not particularly important, but it provides further evidence for the fact that something non-trivial must happen in this theory around x ∼ 25 − 30.
We will assume that the modification in question is similar to that in the A and D series, i.e. there exists a dual theory that provides a better description of the region where the a-theorem is superficially violated. Furthermore, we will assume that the qualitative structure of this dual theory is similar to that of the other cases, i.e. the electric mesons (2.8) appear in it as singlets of the magnetic gauge group, and are coupled to the charged magnetic fields via a superpotential of the general form (1.8).
In order for this picture to make sense, it must be that the number of chiral electric meson operators is finite; we will denote it by α. Thus, there must be a constraint on the dressed quarks, or equivalently on Θ (l,n) (2.5), which cuts down their number to a set of α independent operators. Such a constraint would have to be due to quantum effects.
Fortunately, we have a precedent for this phenomenon -the D k theories with even kwhere exactly this is believed to happen, so we will proceed under this assumption here as well.
The simplest scenario is that there is a single quantum constraint of the form F (X, Y )Q = 0 where F is a quasi-homogenous polynomial of degree n, with X assigned degree two and Y degree three. We will see that this assumption gives a sensible picture, and the degree n is uniquely determined. Thus, we will not consider more complicated scenarios.
The level at which constraints on the chiral operators Θ(X, Y ) first appear is n. We Since there are no non-trivial Θ i at a level larger than n + 6, the total number of meson operators, α, is rendered finite by the constraint. If the level n is not too small (n ≥ 7)
one finds
We will next see that n is uniquely determined by duality.
E 7 -duality
To proceed, we will assume that the E 7 theory satisfies a generalization of the duality of the A and D series discussed above. We will take the gauge group to be SU ( N c ), and the matter to consist of N f (anti) fundamentals q i , q i , adjoint fields X, Y , and a superpotential of the form
The transformation of the magnetic fields under the global symmetry (the analog of (2.3)) is
As we explain below, on general grounds one must have
so that the magnetic coupling x takes the form (compare to (2.2)) x = α − x. The singlet mesons M j , j = 1, · · · , α, correspond to the electric gauge invariant fields
where Θ j are the polynomials in X, Y discussed in the previous section. Thus, their R-charges are (see (2.9))
Here N j is the degree of the quasi-homogenous polynomial Θ j , with X assigned degree two and Y degree three.
The meson terms in the magnetic superpotential (3.1) pair each electric operator Θ j made out of the adjoints X, Y with a magnetic one Θ j made out of X, Y . The form of the superpotential implies that the two paired operators satisfy
This means that operators from the bottom of the list (2.7) in the electric theory are paired with operators from the top of the list (2.11) in the magnetic theory, and vice versa. Fortunately, the spectrum has the right structure for such a pairing. The unique operator at level n + 6 is paired with the identity operator, the level n + 4 operator is paired with X, etc. The R-charge constraint above then implies that
which together with (2.12) gives n = 15 and α = 30. Thus, duality relates the electric gauge group SU (N c ) to the magnetic one SU (30N f − N c ).
We conclude that if a duality of the sort found in the A and D series is to exist in the E 7 theory, one must impose on the spectrum (2.7) a quantum constraint of the form
where a, b are constants that are not determined by the above considerations. This constraint truncates the infinite set of mesons to a finite set, which is (uniquely) consistent with such a duality.
An important check of duality in other cases is the matching of 't Hooft anomalies for the global currents. In the electric theory, the non-vanishing anomalies take the form
, with the traces taken in the fundamental representation.
The anomalies in the magnetic theory can be expressed in terms of r j , the R-charges of the operators Θ j in (3.4). Denoting r j = 2N j /9, the spectrum we found above contains In particular, the SU (N f ) 2 U (1) R and U (1) R anomalies follow from the first line of (3.10), while the U (1)
3
R one requires all three conditions. All anomalies in (3.9) that involve U (1) B are automatically satisfied for all α.
The first of the three equations in (3.10) actually follows from the form of the magnetic superpotential (3.1), which as we discussed leads to a pairing of different Θ j into pairs satisfying the sum rule (3.6). Summing this sum rule over all pairs leads to the constraint on the first line of (3.10). Thus, this constraint is automatically satisfied by the spectrum of Θ j described above. The remaining two equations in (3.10) need to be checked and provide a (very) non-trivial check on our duality. One can check that they are in fact satisfied for the spectrum found above.
To complete the specification of the duality, we need to determine the mapping of the baryon operators between the electric and magnetic theories. This is done as in the A and D cases [2] [3] [4] [5] . The electric baryons can be constructed out of the dressed quarks,
The total number of baryon operators is
The map of baryons between the electric and magnetic theories is
As in the A and D series dualities, it is non-trivial that the charge assignment (3.2) that is necessary for anomaly matching is consistent with the map (3.13).
Taking into account the duality, we are led to the following phase structure of the theory as a function of the coupling x = N c /N f : because of the mesons and superpotential in the magnetic theory; solving for it we find that it is around x min E 7 ∼ 3.89. The duality also helps to resolve the problem with the a-theorem we found before (see figure 1) . Taking it into account leads to the a-function plotted in figure 2. As in other cases, one can further test the duality we found by studying deformations.
We will for the most part leave this to future work, but will finish this section with a few comments. One deformation is giving a mass to a flavor. In the electric theory this takes
The mass term corresponds in the magnetic theory to adding to the superpotential the
. Adding this to (3.1) and varying w.r.t. the M j gives a non-zero expectation value for the magnetic meson fields,
Since the thirty operators Θ j are linearly independent, it is natural that the magnetic gauge group is broken to SU ( N c − 30) by (3.15).
Other deformations correspond to going along the electric moduli space, and deforming the superpotential for X and Y . The former should be straightforward to match between the electric and magnetic theories. The latter is not well understood already in the Dseries, and would be very interesting to understand here, among other reasons since one can flow from the E 7 theory to the E 6 one which, as we will discuss next, is not well understood.
Discussion
There are many questions raised by our results. In the E 7 and D k theories with even k, it would be interesting to understand in a deeper way the origin of the quantum constraints on the chiral operators constructed out of the adjoint fields, Θ j . It is also important to obtain a good understanding of the vacuum structure in the space of deformations of these theories obtained by varying the adjoint superpotential W(X, Y ).
Another set of questions involves the E 6 and E 8 theories. These theories seem to be somewhat different from the cases studied in previous work and in this paper. Consider, for example, the E 6 theory, whose superpotential is
This superpotential is invariant under separate SU (N c ) rotations of the two massless adjoints X and Y , in contrast to that of the E 7 theory (2.1), and of the D k ones. A related feature is that the F-term equations
do not couple X and Y . This leads to a rich classical spectrum of dressed quarks ΘQ, with
where n 0 , n k = 0, 1, 2 and the rest of the n j = 1, 2.
The transformation properties of the matter fields under the Clearly, the number of operators at a given value of the R-charge grows with the R-charge,
unlike the E 7 case, where this number is equal to two (2.7). This is due to the fact that the E 6 (and E 8 ) F-term constraints do not relate different orderings of X and Y , unlike the E 7 and D k ones. One can try to repeat the discussion of the E 7 theory for this case. The superpotential (4.1) can be thought of as a perturbation of the E theory by the operator TrX 4 . As shown in [8] , this perturbation becomes relevant at x ≃ 2.55. As X increases, one again starts finding meson operators QΘQ whose R-charge naively drops below the unitarity bound.
Assuming that the only effect of strong coupling is the decoupling of such mesons, as in the discussion leading to figure 1, leads to the a function depicted in figure 3 (which reproduces and extends figure 21 in [8] ).
As there, the non-monotonicity of a at x ≃ 13.8 suggests that the description of the E 6 theory in terms of a free UV fixed point breaks down in the IR around there.
Given our discussion above, it is natural to expect a dual description with gauge group SU (αN f − N c ), with α in the teens. Under some rather mild assumptions one can show that no such dual exists. Nevertheless, the theory must find a way to preserve unitarity; it would be interesting to see how it does that, perhaps by finding a weakly coupled description of the physics in the problematic region x > 13.
The construction of [2] [3] [4] was generalized to a much larger class of theories with different gauge groups and matter representations in [11] . It would be interesting to generalize the discussion of [7, 8] and this paper to this class of theories. It would also be interesting to realize the ADE theories (1.11) as low energy theories on branes [12] , and describe them via gauge/gravity duality, e.g. by generalizing the construction of [13] . This may provide a deeper understanding of the origin of the ADE structure underlying these theories, the origin of the quantum constraints in the E 7 and D k theories with even k, and may shed light on the remaining cases (E 6 and E 8 ). There is also a potential relation to the discussion of [14] ; it would be nice to understand it better.
